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In-Band Distortion of Multisines
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Abstract—Multisine signals are shown to be useful for estimating
distortion of communication signals. In particular, a generalized
approach for the evaluation of effective in-band distortion in a
nonlinear amplifier using multisine excitation is presented. The
output of the nonlinearity is represented as the sum of uncorre-
lated components by the transformation of a behavioral model.
Simulated and measured results are presented for code-division
multiple-access signals.

Index Terms—Intermodulation distortion, multisine signals,
nonlinear distortion, nonlinear systems, signal analysis, signal
representations.

I. INTRODUCTION

MULTISINE signals have been used to model the behavior
of nonlinear systems because of the simplicity of the

analysis and simulations. The design of multisines for modeling
digitally modulated communication signals is usually based on
the choice of the amplitudes, phases, and number of tones op-
timized for their suitability to capture adjacent channel power
ratio (ACPR), in-band distortion, or other distortion metrics.

The rationale for using multisines is that they require lower
computational complexity than that required by direct use of the
actual communication signals. Multisine representations of sig-
nals have direct application in harmonic-balance simulation [1]
and in measurement characterization of nonlinear microwave
circuits [2]. Moreover, multisine analysis leads to an analytic
evaluation of distortion with simple expressions for nonlinear
system figures-of-merit such as intermodulation ratio (IMR),
signal-to-noise ratio (SNR), ACPR, etc.

Transmitter signal quality in digital wireless communication
systems is specified by the error vector magnitude (EVM) of
the transmitted signal. EVM is inversely related to the signal-to-
noise and distortion (SINAD) ratio, which measures the effec-
tive SNR including noise, distortion, and any other signals that
degrade the effective SNR of the transmitter signal. There are
many contributors to transmitter EVM degradation including
thermal noise, phase noise, nonlinear distortion, spurious sig-
nals, etc. However, intermodulation distortion is a significant
contributor to transmitter EVM degradation when operating at
high output power levels in systems utilizing power efficient
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nonlinear amplifiers. Here, the relationship between nonlinear
transmitter distortion and transmitter SINAD degradation is in-
vestigated through analysis and measurements using multisine
signals. In this context, we define effective in-band distortion as
the component of the nonlinear output that shares the same fre-
quency band as the input signal, but is “uncorrelated” with the
ideal transmitter signal. From a communications point-of-view,
the receiver is designed to distinguish between only two types
of signals, which are: 1) the transmitted signal to which it is
matched and 2) noise. Here, the term correlation refers not only
to the statistical resemblance between the output and the input
signals, but also to the ability of the receiver to recover useful
information from the transmitter signal. Therefore, if part of
the transmitted signal is uncorrelated with the expected wave-
form, that part of the signal is considered as uncorrelated distor-
tion noise, which contributes to the degradation of transmitter
SINAD.

The problem with characterizing effective in-band distortion
is the identification of the effective terms of the nonlinear output
that are responsible for in-band distortion inside the main band
of the input signal spectrum. The reason for this is that the
nonlinear output is partially correlated with the input signal,
which subtracts or adds to the desired output signal causing gain
compression or expansion. The remaining part of the nonlinear
output is the uncorrelated in-band distortion noise, which may
be treated as an additional contributor to in-band noise. Thus,
both the correlated and uncorrelated components of the non-
linear output contribute to the degradation of system SINAD in
different ways.

In [3], we presented an analysis of in-band distortion of mul-
tisines with random phases. In this paper, we provide an analytic
approach to the identification of the effective in-band distortion
of multisine signals using both deterministic and uniformly dis-
tributed random phases. We consider multisine signals with con-
stant amplitudes and varying initial phases and derive the effec-
tive in-band distortion components. It is shown that the shape
and level of the uncorrelated distortion spectrum depends on
the initial phases, and this has different effects on in-band and
out-of-band distortions. Estimated in-band distortion of multi-
sine signals is verified by simulations and measured in-band
distortion compared against an IS-95 forward-link code-divi-
sion multiple-access (CDMA) signal using feed-forward can-
cellation. Multisine signals with 16 tones and random phase are
shown to accurately predict the in-band distortion of a 64-user
CDMA signal.

This paper is organized as follows. Section II is a review of the
existing approaches to multisine analysis. Section III presents
an analysis of in-band distortion of multisines with fixed ini-
tial phases. In Section IV, we present the probabilistic view
of distortion where multisines have random phases. Section V
presents simulation and measurement results of distortion in

0018-9480/$20.00 © 2006 IEEE



3228 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 54, NO. 8, AUGUST 2006

multisine signals where we show how effective in-band distor-
tion of a 64-user CDMA signal is estimated from that of multi-
sines with random phases.

II. BACKGROUND

Considerable research has been undertaken on using multi-
sine signals for characterizing distortion in nonlinear systems.
Interest has grown with the introduction of large-signal vector
network analyzers (VNAs), which use multisine inputs for de-
vice characterization. Remley [4] used multisine signals with
random and deterministic amplitude and phase for ACPR sim-
ulation. It was demonstrated that certain choices either overes-
timate or underestimate ACPR of real communication signals.
Pedro and de Carvalho [5]–[7] used multisine signals to sim-
ulate the spectrum of communication signals subject to a non-
linear system with memory. Optimization criteria were used to
design multisine signals that mimic the spectral characteristics
of communication signals. Although the analysis was based on
Volterra series, a simplification of the Volterra model was used
to perform simulations. Boulejfen et al. [8] considered the es-
timation of in-band and out-of-band distortions of communica-
tion signals using multisine signals with random phases. The
approach was analytic and enabled ACPR, noise power ratio
(NPR) and co-channel power ratio (CCPR) to be estimated for
a fifth-order nonlinearity. However, it was not shown that the
approach can truly represent the in-band distortion in real com-
munication signals. In [9] and [10], the design of multisine sig-
nals for a minimal crest factor was studied. The analysis was
useful for constructing test signals to measure the frequency re-
sponse of linear systems. It is questionable, however, that this
approach could be used for estimating nonlinear system distor-
tion because of the low correlation between the crest factor and
distortion [11]. Geens et al. [12] used multisines with random
phases to estimate NPR and CCPR. They showed that NPR is
not always a valid metric for in-band distortion.

A common characteristic of the above approaches is that they
use the Gaussian approximation of multisine signals. The iden-
tification of the uncorrelated distortion noise is straightforward
using the statistical properties of Gaussian processes. A theoret-
ical analysis of the decomposition of the output spectrum into
uncorrelated components without using the Gaussian assump-
tion was studied in [13] and [14] where, based on the properties
of the distribution function of the input signals, the output of a
bandpass nonlinearity can be expressed as a sum of uncorrelated
components.

An approach for the identification of the effective in-band
distortion of CDMA signals without using the Gaussian as-
sumption was presented by the authors in [15]. The approach
was based on the orthogonalization of the behavioral model and
leads to exact identification of effective in-band distortion. The
approach was used to accurately estimate system metrics such
as SNR, EVM, and of CDMA signals. It is well established
that the sum of a large number of sinusoids with random phases
converges to a band-limited Gaussian noise process by the
central limit theorem [2]. However, the approach is valid for
any random process that satisfies the separability condition and,

Fig. 1. Geometrical interpretation of in-band distortion. (a) Distortion vector.
(b) Orthogonal representations.

hence, it can be used with a small number of tones, as will be
shown here.

III. DISTORTION OF MULTISINES

Effective in-band distortion of multisines can be under-
stood by defining the uncorrelated component of the nonlinear
output. Considering a memoryless nonlinearity, a geometrical
representation of the nonlinear output is shown in Fig. 1 where
the total output is the vector sum of the linear and third-order
components. The third-order output can be partitioned into
two components: one in the direction of the linear output and
the other orthogonal to it. The uncorrelated distortion output
can now be identified in terms of a canceling process where
a scaled replica of the input signal is subtracted from the
total nonlinear output. The orthogonal component cannot be
canceled by a scaled replica of the input signal and, hence, it
represents the effective uncorrelated distortion that contributes
to the degradation of system SINAD performance, while the
correlated component of the third-order output represents the
correlated distortion that causes gain compression of the linear
output. This definition complies with the definition of nonlinear
distortion in communication theory [16]–[18] where the effec-
tive SNR is calculated as ratio of the effective signal component
(which includes the correlated distortion or gain compression)
to the effective nonlinear distortion component (which is the
uncorrelated distortion). Therefore, the uncorrelated distortion
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Fig. 2. (a) Instantaneous nonlinear model. (b) Instantaneous nonlinear model
with uncorrelated outputs.

noise is treated as an additive noise component similar to the
additive white Gaussian noise (AWGN).

In the following, we consider a memoryless nonlinear system,
which can be characterized by a power series model:

(1)

The power series model represents the instantaneous relation-
ship between the input and output waveforms. In order to iden-
tify the orthogonal component of the nonlinear output, we define
a canceling signal as a replica of the input signal used to cancel
the correlated component of the output

(2)

where

(3)

is a cross-correlation coefficient that represents the fraction
of the cubic term that is correlated with the linear response.
Using this representation, the nonlinear model in (1) depicted
in Fig. 2(a), is converted into a model with orthogonal outputs,
as shown in Fig. 2(b). Therefore, for a third-order nonlinearity,
we define a new set of outputs

(4)

which is correlated to the input signal and can be canceled by
, and

(5)

which is uncorrelated to the input signal. The new outputs
and are orthogonal and represent a useful component and
an uncorrelated distortion component and, hence, they define
system SINAD.

Now consider a multisine input signal consisting of the
sum of tones and applied to the nonlinear amplifier so that

(6)

Here, the signal is the th tone with radian frequency
and phase

(7)

The complex envelope of this signal is equivalent to the phasor
form of sinusoids

(8)

The response of the nonlinear system to a multisine signal con-
sists of all intermodulation products of the input tones. Now
using (1) and applying the multisine signal model in (7), the
component of centered at frequency
due to the intermodulation of input components (centered at the
frequency vector ) can be expressed as [19]

(9)

where , , and

(10)

is the multinomial coefficient. In the following, we consider the
special cases of single-, two-, and four-tone signals and we de-
rive the output distortion components by which the effective
in-band distortion is identified.

A. Single Tone

Let us first consider the case where the input consists of a
single tone of frequency , therefore,

(11)

then using (9), the complex envelope of the output at the funda-
mental frequency is

(12)

where

(13)



3230 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 54, NO. 8, AUGUST 2006

are the envelope coefficients and relate the complex envelope
of the output to the complex envelope of the input signal [20].
Therefore, the total nonlinear output at the fundamental is

(14)

where and represent the well-known AM–AM and
AM–PM characteristics and, thus, the envelope coefficients
can be obtained by polynomial fitting of the measured AM–AM
and AM–PM characteristics. The nonlinear response to a single
tone is, therefore, a replica of the input signal with modified
amplitude and phase. A canceling signal in this case can be
designed to cancel the whole output and is independent of the
initial phase. The output phasor at any of the harmonics can
also be derived in compact form in a similar way. Note that the
response to a single tone is a single component that is correlated
with the input and, hence, in-band distortion is absent. This is
intuitive because the response of a nonlinear system to a single
tone results in gain compression and not distortion.

B. Two Tone

Now consider a two-tone input with equal amplitudes, then

(15)

where is the amplitude and is the phase of each of the input
tones. Therefore, using (9) and the proper frequency vectors, the
complex envelope of the output at the frequency of the first tone
is

(16)

and for the second tone is

(17)

where is

(18)

Therefore, the output at the fundamental frequencies
and can be written as

(19)

where and are real functions of the amplitudes
and which represent the AM–AM and AM–PM conversions,

Fig. 3. Time-domain representation of a phase-aligned four-tone signal. Solid:
output signal. Dotted: canceling signal. Dashed: in-band distortion.

respectively. Note that with a two-tone signal, the output tones
that lie within the input band have the same phase change as the
linear output regardless of the initial phase of the input tones and
the nonlinear order. Therefore, effective in-band distortion is
absent, as considering (19), the output signal has a phase that is
totally correlated with the input signal. Thus, a canceling signal
can be designed to cancel the output signal at the fundamental
frequencies completely regardless of the initial phase.

C. Four Tone

For a four-tone input with each tone having an amplitude ,
the input is

(20)

The derivation of a closed form for the output for orders higher
than 3 is more laborious than for the single- and two-tone cases.
For illustrative purposes, we consider a third-order nonlinear
system (one described by a third-order power series). Using (7),
the output complex envelope at the fundamental frequencies is
shown in (21) as follows:

(21)
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Fig. 4. (a) Output spectrum and (b) uncorrelated distortion spectrum for phase
aligned four-tone signal (frequencies are offset from the carrier frequencies).

where and . Therefore, the total output at
the fundamental angular frequencies can then be
written as

(22)

where and are real functions of the input am-
plitudes and the nonlinear coefficients and is a
linear function of the initial phases . Note that a four-tone
signal produces distortion components at the fundamental fre-
quencies that can be either correlated or uncorrelated with the
linear output depending on the initial phases of the input tones.
The output components at the fundamental frequencies consist
of the vector sum of different components and, therefore, de-
pending on phase combinations.

Fig. 5. In-band distortion for different phase combinations of a four-tone signal
(solid) and zero initial phase (dashed).

For the special case where the initial phases of the input tones
are zero, different terms in each of the output components in (21)
add up in the following way:

(23)

where and . Hence,
(21) becomes

(24)

Note that the amplitude of the output at each of the four tones
is not equal and, therefore, a canceling signal will not cancel
the whole signal at the fundamental frequencies and, hence, the
remainder is in-band distortion. The coefficient for a four-tone
signal can be computed from (3) as

(25)

and, hence, the in-band distortion component is

(26)

Note that the in-band distortion components have equal powers
at the four fundamental tones in the case of phase-aligned tones
(zero initial phases). The same analysis can be performed when
the initial phases are not zero. Fig. 3 shows a time-domain rep-
resentation of the phase-aligned four-tone signal, a canceling
signal, and the resulting in-band distortion. The frequency-do-
main representation is depicted in Fig. 4 where the total output
spectrum and the total uncorrelated distortion spectrum are sim-
ulated. Fig. 5 shows the effective in-band distortion of the four-
tone signal as a function of input power and for different ini-
tial phase combinations. Note that the minimum in-band dis-
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Fig. 6. (a) Output spectrum and (b) uncorrelated distortion spectrum of a four-
tone signal with random phase.

tortion occurs when the initial phases are zero (phase aligned
multisines).

D. Discussion

The above analysis provides a basis for the identification of
effective in-band distortion of multisine signals. However, it
is not adequate for identifying distortion when the input tones
have random phases and/or amplitudes. Therefore, with random
waveforms, the definition of in-band distortion needs a proba-
bilistic model in order to provide a useful description of distor-
tion in terms of signal statistics. A multisine signal with random
amplitude and phase resembles a digitally modulated carrier
where the signal does not have a deterministic representation.
Therefore, multisines are a useful tool in understanding distor-
tion in communication signals. In Section IV, we develop the

Fig. 7. In-band distortion of phase-aligned: (a) four- and (b) eight-tone signal.
�: measured. Solid: simulation.

probabilistic view of in-band distortion using the same con-
cepts developed here about the orthogonalization of a behav-
ioral model, but with the probabilistic tools that suit the random
nature of signals.

IV. DISTORTION OF MULTISINES WITH RANDOM PHASES

In [3], we presented a statistical analysis of in-band distortion
of multisines with random phases. The orthogonalization of the
behavioral model with random inputs is a probabilistic version
of the one described in Section III for deterministic signals. The
analysis of multisines with random phases assumes that multi-
sines have uniformly distributed random phases and, hence, the
estimated distortion is found as a statistical average. The statis-
tical average is estimated in simulation by computing the av-
erage distortion of a large number of realizations of the multi-
sines having phases generated using a random number generator
for each realization, as will be shown in Section V.

The orthogonalization of the behavioral model enables the
uncorrelated output distortion to be treated as an additive noise
similar to the AWGN and enables the SINAD to be determined
since the effective noise-like component of the output nonlinear
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Fig. 8. Intermodulation distortion of phase aligned: (a) four- and (b) eight-tone
signal. � measured. Solid: simulation.

power is determined. It is worth emphasizing here that the
analysis presented in [3] does not require the input signal to
have Gaussian distribution, which is a common assumption for
a large number of tones with random phases. Therefore, it is
valid with any number of tones provided that their phases are
completely random.

A complete derivation of the output autocorrelation function
of different multisine signals with random phases can be found
in [3]. It was shown that the response of the nonlinearity to a
single-tone input with random phase is a single tone with a com-
pressed amplitude regardless of the initial phase

(27)

Therefore, the output is completely correlated with the input
and, thus, a nonlinear system exhibits gain compression or ex-
pansion without generating effective in-band distortion. With
two-tone excitation, the output consists of compressed outputs
at the fundamental frequencies and uncorrelated out-of-band in-
termodulation components

(28)

Fig. 9. Simulated output spectrum of 16-tone signal and an IS-95 signal (solid
line). (a) Phase aligned tones. (b) Random phases.

Note that a two-tone test does not predict the existence of un-
correlated in-band distortion since the only distortion terms that
result as uncorrelated components are the intermodulation com-
ponents, which lie outside the frequency band of the input tones.
Therefore, single- and two-tone tests are inadequate for charac-
terizing in-band uncorrelated distortion.

In the case of tones where , the output distor-
tion consists of uncorrelated in-band components (at the fun-
damental frequencies) in addition to uncorrelated out-of-band
components. In particular, with a four-tone signal with random
phases, the amount of in-band distortion is higher than if the
phases are aligned, e.g., with zero degree initial phases

(29)

This is because the output components add to the linear output,
whereas with random phases the probability of having com-
ponents that are orthogonal to the linear output is higher and,
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Fig. 10. Uncorrelated distortion spectrum of random-phase 16-tone signal and
an IS-95 signal (solid line). (a) Simulated. (b) Measured.

hence, these components are considered as effective in-band dis-
tortion. Fig. 6 shows a simulated output spectrum and the uncor-
related distortion spectrum of a four-tone signal with uniformly
distributed random phase.

V. MEASUREMENTS AND SIMULATION RESULTS

The analytical evaluation of effective in-band distortion ob-
tained using the orthogonalization procedure was verified by
measurements done with multisine signals. The measurements
presented here were taken using an Agilent 8510 VNA, E4438C
vector signal generator, E4445A spectrum analyzer, and 89600S
vector signal analyzer (VSA). The amplifier considered has a
gain of 21 dB, an output 1-dB compression point of 11 dBm, and
an output third-order intercept (OIP3) of 18 dBm all at 2.0 GHz.
The coefficients of the envelope model of the device-under-test
were obtained by measuring the AM–AM and AM–PM charac-
teristics at 2 GHz. A polynomial of order 5 was fitted to the com-
plex data using classical least squares polynomial fitting and a
set of envelope coefficients was obtained. The orthogonal

Fig. 11. Uncorrelated distortion spectrum of phase aligned 16-tone signal and
an IS-95 signal. (a) Simulated. (b) Measured.

model coefficients were then obtained using the development in
Section II.

Multisine signals were generated using an Agilent ESG
4438C vector signal generator. Uncorrelated distortion was
obtained using the feed-forward cancellation scheme presented
in [15] and the effective in-band distortion was measured within
the signal bandwidth using an Agilent VSA. Simulated multi-
sines were generated in MATLAB. The phases of the input tones
were randomized using a uniform random number generator.
Distortion was estimated by averaging a large number of phase
realizations. The number of realizations required depends on
the number of tones since, as the number of tones increases, the
probability of having a uniformly distributed phases increases.
Figs. 7 and 8 show measured and simulated effective in-band
and out-of-band distortions of the phase-aligned multisine
signals. A good agreement between predicted and simulated
values of the in-band and out-of band distortions is shown.

The analysis of multisine signals was used here to estimate
distortion of CDMA signals. Nonlinear distortion of multisine
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Fig. 12. In-band distortion versus input power. �: simulated random phase
16-tone signal.4: simulated CDMA signal. �: measured CDMA signal. Solid:
simulated phase aligned 16-tone signal.

signals with random phases mimics that of CDMA signals.
It was found that distortion of a 16-tone signal with random
phases converges to that of a forward-link IS-95 CDMA signal,
as shown in Fig. 9(a). This figure shows the output and the
uncorrelated distortion spectra of a 16-tone signal with random
phases compared to those of a forward-link IS-95 spectrum.
The 16-tone signal was designed to have a total bandwidth
equal to the bandwidth of an IS-95 CDMA signal (1.2288 MHz)
and the tones were equally spaced. A maximum of ten runs
for the randomization of the input phases was needed to reach
convergence. Fig. 9(b) shows the spectrum of a phased-aligned
16-tone signal compared to that of a CDMA signal. Fig. 10(a)
shows the simulated uncorrelated distortion spectrum of a
16-tone signal with random phases compared to that of a
forward-link IS-95 signal (the solid line). While Fig. 10(b)
shows measured uncorrelated distortion spectrum obtained
using feed-forward cancellation. Fig. 11(a) and (b) shows the
simulated and measured uncorrelated distortion spectrum of a
phase-aligned 16-tone signal compared to that of a forward-link
IS-95 signal (solid line).

These figures also show that the shape of the effective
in-band spectrum depends on the number of tones and their
initial phases. It is clear that in-band distortion is minimum
when the phases are aligned, while the out-of-band distortion
is at its maximum. The uncorrelated distortion has an almost
flat spectrum when the input phases are random. The in-band
distortion in this case is at its maximum, while the out-of-band
distortion is at its minimum. This is because a multisine signal
with random phases approaches a Gaussian distribution, which
has a flat spectrum for the uncorrelated distortion, as shown in
Section III-D. It is clear that multisines with fixed phases over-
estimate the out-of-band distortion, while they underestimate
in-band distortion of CDMA signals. Fig. 12 shows in-band
distortion as a function of input power of multisine signals and
a CDMA signal and compared to measured in-band distortion
of the CDMA signal. This figure shows good agreement in the
estimation of in-band distortion of the random multisine and

CDMA signals and with measured data of a CDMA signal.
The measured in-band distortion of fixed and constant phase
multisine signals are both in good agreement with the simulated
spectrums. The depth of the in-band notches observed at the
edge of the signal bandwidth for the simulated fixed phase
signal are not as deep for the measured in-band distortion
due to the finite delay error in the feed-forward cancellation
measurement setup.

VI. CONCLUSION

An analysis of multisine signals in a nonlinear system has
been developed. The analysis is used for the estimation of ef-
fective in-band distortion of communication signals. Traditional
two-tone tests have been shown to be inadequate for the estima-
tion of in-band distortion. It was also shown that multisine sig-
nals (four tones and more) with random phases can be used to
estimate in-band distortion in real communication signals. This
is significant because multisine signals are easier and faster to
simulate using harmonic-balance techniques. The accuracy of
the simulations using multisine signals depends on the number
of tones and the randomization of the initial phases.
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