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An Algebraic Formula for the Output of a System with
- Large-Signal, Multifrequency Excitation
MICHAEL B. STEER anp PETER J. KHAN

Abstract—A formula is derived for the output components of a non-
linearity which can be described by 2 powes series, with compiex coef-
ficients and frequency-dependent time delays, when the input is a sum

" of sinusoids.
INTRODUCTION
The output y(¢f) for a system having a muitifrequency input x(2),
where .
N
x(@©)= ) 20
e ) k=i
and

Xpe(t) = |xz| cos (wgt + )
has been found by Sea and Vacroux [1], [2] for the case when

y©) =42 qx@®) @
=0

and by Price and Khan {3] for
JO=AQ+xEN" ()]

where « is 2 noninteger.
Here we consider the general noniinear system described by a com-
plex power series with frequency-dependent time delays such that

I on

y=2 4 (Z a1 £G4, X)) )
i=1 =0

with

1

N
fG,1L,x) =( 2 b ixe(t - Tx 1, .-'))
k=1

and both the A; and a; ; coefficients are complex, thus indicating 2
. phase shift, while the by ; coefficients are real. This representation is
- applicable to a broad class of frequency-dependent nonlinearities, and
has recently been used to analyze distortion in microwave FET’s [4]
and distortion due to phase nonlinearities [5].

MATHEMATICAL DEVELOPMENT
A component of (3) can be written as-

Xt~ 1,1 = | x| cOS (Wit + O - WiTk,1,0)

Juagt -~fi
=3XeTe, 06" ¢ +EXRTE 1 ie ot
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where X}, is the phasor of xy and
Tk, 1,1 = €XP (-JwkTk, 1, -

* Tg,,; and X are defined separately as this results in a final expression
that can be more efficiently computed. i
Using the multinomial expansion theorem, we have

fGlx)= > exp(i
91,92,"° QN T1, 12,7 IN k=1
N -

—
qreeccrq e

eyl

In this equation the frequency of each component is given by

N
ws= Z Nyewies )
k=i

Here the np’s is a set of integers (an intermodulation product descrip-
tion (IPD)) which fixes the difference between q;, and 7,

If we let 5p(>0) be the smaller of g4 and rg, then ski—[nkl is the
larger. Defining

N
n=)" |ngl

k=t

: N
o= Z Sk and
k=1
then for n # 0, one IPD of (4) can be written
(C) exp (jwt) + RO)* exp (<wr)
=G V) exp Gun + A V)  exp (Jwr), w#0
wr - ) w=0 ’ (6)
where
_ : N
c=2 3 nJ]
1,82, sy - k=1
2(x!+sz+-w+sN)+n=l
28 " ,
1 [esgelnel hXel ™ dap!™el. (Tk,x,i)lnkl) .
i (1! - (S + !

2
X = Xie
Xz
T;‘l'= Tk,l.i’ if Ilk>0 ‘ ,
el T;J,f’ if nE <O0.
Thus

if nk>0
if ’lk<0

Vi=C, for w#0 (8a)
Vi,=3(C+C*%=Re{C}, (8b)

Note that ¥, is the contribution to (i, /, x) of one IPD. The two
terms in (6) occur as for n = 0, 53 replaces two sets of g and ry, (qg =
Sk» Pk =Sk + |ng ) resulting in the exp (—jw?) term, and (g = 55 + Ing),
re = s) resulting in the exp (jwt) term. For n =0, s; replaces only
one set ct qg and 7y (qx =g = sg).. Thus the V', expression is one-haif
that given in (8b) for the special case n = 0.

For (8b) to hoid, we need to make the restriction that no IPD (set of
np’s) is equal to the negative of another IPD. The IPD’s are only thus
affected for 7 # 0 and w=0. This restriction is necessary to avoid
specifying an intermodulation product twice,

If vV, is the component of y due to a single intermodulation product
(as specified by one IPD) then

for n %0 and wéO.

I o
Vu?i‘géig‘:’ .[4'1,: Val.

[

Defining

N
H (Tk,q4, i)‘?kl ®

N ' -
Rpszg,i=exXp (—i > Agwry, (mza),;) =
k=t

k=1

N
2 @i~ ri)wt
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and introducing the Neumamx factor, ep (€4 =1, 7=0; ¢, = 2,7 % 0),

we have
N mgl
Vw=Re[e,,(nX,'¢ )T]
k=1

(10)

w

N & (dog p®™ Fd x0T A xp ™ (te, 1, 0™ (vh 1 0F
n I - @
k=1 qk-

We define Re [ ], such that it is ignored for w # 0, but for w =0 the
real part of the expression in brackets is taken. In (10)

(n +20)!
T= Z SGeaey ay
and
N 1 Xz
zZ= Z (n s '("‘ + 5, )I)
1,7 SN \k=1 k- kl i/ *

e g
S1+e sy =0,

L n 28

Z(Af‘n+zu,an+20, H (b (I kl* k)) 12)

i=1 k=1

Thus the phasor of the w component of y(?) is given by

Y, =Z Z Vw

n=0 ny, -, nN
jry oo, jnyi=n

and the np’s satisfy (5) and the restriction noted previously (no IPD is
equal to the negative of another IPD).

That is, the compiex amplitude of an output frequency component is
the summation of V', over all possible IPD’s for that frequency.

For the special case of the output equation (1) considered by Sea and
Vacroux, (11) and (12) reduce to

= g (n + 2g)!
T=4 Z n+20 7 2
=0 2(u+za)
28

& (Xl

eN k=t sl (ng |+ sp)

13).

51,

Si+ ey =O

DiscussioN

To analyze a system with noninteracting inputs and outputs, it is only
necessary to evaluate the formula once. However, for a:system with
interacting inputs and outputs, such as a two-terminal nonlinear ele-
ment with current as input and voitage as output, it is necessary to
iterate between the current/voltage solution of the nonlinear element
and that of the external linear circuit. When iterating, T tends to change
siowly, particularly as convergence is approached. Hence, it need only
be calculated _every so often, less often as convergence is. approached.
This can result in up to an order of magmtude reduction in computa-
tion time. Note that the summation in i in (12) does not change from
one iteration to the next and so need . only be calculated initiaily, thus
significantly reducing the computation time required.

The resuit of Price and Khan [3] can be obtained as a special case of
the formuia: pmd.hexebyumgthepowersena coefficients of the
expansion of (1 +x)™. Price and Khan do not use restriction (9) with
the effect that for i # Q, w = 0, C of (7) calculated using one IPD is the
compiex comjugate of that obtained using its negative IPD. ‘Thus (10)
becomes their (6). :

The result of Sea and Vam'oux can also be obtained as a special case.
Their ¥ is the magnitude of V,, (10). Here the phase of ¥, isobtained
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Fig. 1. Circuit with interacting R, L, and C nonlinearities.

as part of the formula, whereas in Sea and Vacroux it is obtained sepa-
rately [2, eq. (3)].

ExamrLE
Here a generalized power series is obtained which describes the termi-
nal [-¥ characteristics of a circuit with interacting R, L, and C non-
linearities, Fig. 1. The voltage V() =x(f), a sum of sinusoids, is the
input and the current /(¢) = y(¢) is the output.
The nonlinear elements are defined by

L= vl (14)
=0
- H

L= L (J.V(t) dt) (15)
=0 s

neifar o ae
a {75 e .

Defining X, Y.,, Y1, Yuz, and Y3 as the phasors of the frequency
components of V,I,1y,/5, and 3 (14)~(16) can be written as

!
> N
Yor=) G:(Z ka) an

=0 \icm1
1
- X x\
Y= L:(Z —"') (18)
!;o ka1 /W

and

o N l-
Y =siw Z C’(Z Xk) . 519)

=0 k=1
Collecting (17)-(19) we ;)btain a power series of the form of (3) with

Al =1 Az=1 Ag =jw
a,; =Gy ap =L a3,3 =G
1
br,1=1 b 3=— br,3=1
Juwg
”
T%,2,1 =0 Tk, 52 = =5 %,1,3 = 0.
CONCLUSION

An algebraic formula was derived for the evaluation of a complex
power series, with frequency- and order-dependent time delays, with
multifrequency excitation. This formula was related to those obtained
by earlier workers.
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