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Abstract—The finite-difference time-domain (FDTD) method
extended by thin-strut formalism was used to study the current
coupling between rectangular coils for use in biomedical telemetry
links. Further, a new stability condition, different from the
Courant-Friedrichs-Lewy stability limit, was derived for the
thin-strut method. Results obtained for varying coil sizes and dis-
tances of separation show that the thin-strut FDTD formulation,
applied to the calculation of current coupling between telemetry
coils, is in closer agreement to the analytical approximation than is
the standard FDTD code. These results indicate that the thin-strut
method is a promising method for the study and the design of coils
for telemetry links between implantable and external devices.

Index Terms—Biomedical telemetry, coils, electromagnetic
coupling, finite-difference time-domain (FDTD) methods,
numerical stability, thin-strut formulation.

I. INTRODUCTION

N A WIDE range of biomedical applications, the power to

energize an implanted device is provided from outside the
body by inductive coupling, thus allowing power to be trans-
mitted transcutaneously. This type of inductive coupling is ad-
vantageous because it avoids the undesirable surgical replace-
ment of implanted power sources and the possibility of infec-
tion where wires would pierce the skin. Furthermore, it allows
the transcutaneous transmission of telemetry data to and from
implanted systems. The operational principles of these systems
are very similar to those of RF identification (RFID) tags [1].
Biomedical telemetry systems usually consist of an external pri-
mary coil and an implanted secondary coil, which are separated
by a layer of skin and tissues. The magnetic link allows the
transfer of energy and information through the biological tissue
using frequencies generally lower than 10 MHz.

Due to skin mobility and variations in the thickness of
subcutaneous fatty tissue, misalignment of the coils easily
occurs, leading to a change of transmission characteristics.
There have been several approaches to the analysis and design
of inductively coupled transcutaneous links, with the goal of
minimizing misalignment effects and maximizing the coupling
efficiency [2]-[6]. However, these approaches rely mainly on
steady-state circuit analyses, geometric considerations for cou-
pling optimization [7], and validation through experiments. To
our knowledge, few full-wave computational electromagnetic
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techniques, such as a two-dimensional finite-element method
[8], have been developed for the analysis and design of coupled
coils in transcutaneous telemetry applications.

The finite-difference time-domain (FDTD) method [9] is very
attractive for the study of biomedical applications because of its
ability to efficiently model inhomogeneous materials and irreg-
ular geometries. In the conventional FDTD method, wires are
often modeled as perfect electric conductors by forcing all tan-
gential electric-field components on the wire surfaces to zero.
However, for wires with very small cross sections, a very fine
mesh is also necessary for accurate modeling, but it is often pro-
hibitive because of the large computational cost that accompa-
nies a fine discretization.

Holland and Simpson first proposed the thin-strut formalism
[10], a sub-cell model for thin straight wire elements embedded
in the FDTD grid, for electromagnetic pulse (EMP) modeling.
We use the FDTD method extended by the thin-strut formalism
to model the current coupling in biomedical telemetry systems.

II. THIN-STRUT FDTD FORMULATION

A. Governing Equations and Derivation of the Algorithm

Using the D — H-formulation of the FDTD method [11], we
obtain the system of equations for the normalized time-depen-
dent fields

oD
E:CO(VXH_J) (1)
D
E(w) = - EZ; @)
oH
E = —CO(V X E) (3)

In this formulation, the generic D — F relationship in (2) is
used to describe the dispersive dielectric properties of biolog-
ical tissues. For simplicity, we assume a lossless dielectric with
er(w) = const. = &, in this derivation. The system of equa-
tions then reduces to

oD

—7 =c(VxH-1J) )
oH o Co
E_—E(VXD). )

To derive a sub-cell model for thin wires, we follow the thin-
strut formalism [10]. We assume a wire oriented in the z-di-
rection and write the § component of the curl equation for the
H-field (5) in cylindrical coordinates as

OH, ¢y [0D. 0D,
ot e.| Or 0z |-

(6)
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Assuming a quasi-static field approximation inside an FDTD
cell, we use the approximations for the currents I, and the
charge ) per unit length on the wire

I,
Hy(r) = rr and D,.(r) = % @)
which leads to
L@Iz:c_o[aDz_La_Q]. (8)
2mr Ot er | Or 2mr Oz

Integrating from the wire surface g outward to some radius
r and using the boundary condition that the tangential fields are
zero at the wire surface D, (ro) = 0, we obtain

Co - 8Iz Co 8@ 1
& D.(r) = { ot + e Oz | J 2mr dp
T0
oI, o 0QY] In(r/ro)
B [8t + Er Bz} 2r ©)
Introducing an in-cell inductance per unit length
1
L(r)=1 — 10
(1) = In(r/r0) 5~ (10)

we obtain one governing equation for the wire model

O, ¢ ((D:(R) 0Q
ot e \ (L(R) 0z

where (D.(R)) and (L(R)) are the average values of the
electric fields and inductance, respectively, inside the occupied
FDTD cell. R is the radius of a disc that has a cross-sectional
area equivalent to the area of the corresponding FDTD cell.
Similarly, by writing down the  component of the curl equation
for the D-field in (4), using the cylindrical field approximations
in (7), and performing the integration, we obtain the second
governing equation for the thin-strut formalism

oQ ol
.
ot 02
The field (4) and (5) are coupled to the wire (11) and (12) by
the electric field D, and the current density J, = I, /1, Acrosss
where A;oss 18 the cross-sectional area of the occupied cell.

Using central finite differences for temporal and spatial
derivatives, the wire equations (11) and (12) are discretized as

(11)

(12)

ntl n—1 coAt
Iz 2 — Iz ) 2 = . DZ n
|k |k + ETL(R) |k
C()At

(k- any) 13

1 1
Qi =Ql, - <IZ it — 1 IZ+§>. (14)

To complete the algorithm, the field equations (4) and (5) are
discretized using second-order accurate central differences on
the Yee grid [9], where D and H are staggered in space and
time. Note that, I,,.J,, and D, are collocated spatially for a
wire with a current I, oriented along the z-direction, while the
charges () are in the same location as H .. Moreover, if I, and
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H are updated at the same time step ,,4 (1,2), then ( and D are
updated a half time step later at ¢,,4;.

B. Approximation of the In-Cell Inductance

The in-cell inductance (L(R)), introduced in (11), depends
on the radius and location of a wire inside an FDTD cell [10].
We consider a wire centered in an FDTD cell and collocated
with the F.-field components and approximate the equivalent
radius R for the calculation of (L(R)) as that of a disc with the
same area as the occupied cell. Therefore, for a uniform cell size
(Az = Ay = Az = h), we have

h
R—ﬁ

and obtain the average in-cell inductance
arht g g
[ [ rLr) drdo (h_zo_ )_1n<h_20)
0 r
(L(R)) = 2 - )

2T R g
471'( - W)

15)

J [rdrdo
07y

(16)

C. Stability Analysis

The Courant-Friedrichs—Lewy (CFL) stability condition that
applies to the conventional FDTD method is not a sufficient con-
dition for stability of the sub-cell model of the thin-strut FDTD
method. An attempt to derive a stability bound for the thin-strut
method was previously made [12]; however, the criterion de-
rived by Grando et al. is not a sufficient condition for the sta-
bility of the sub-cell FDTD algorithm because it is derived from
an intensity equation and not from the full set of discrete equa-
tions. Therefore, we derive a new stability condition based on
the Von Neuman analysis of the discrete system of equations.

To this end, the discrete time-dependent field variables are
Fourier transformed into the spatial spectral domain with the
wavenumbers l;I l;y and l%z in the x-, y-, and z-directions, re-
spectively. The systems of equations can then be written in ma-
trix form as

vl = Gv” (17)
with the vector of field variables
4l ~pgl oyl oo o . qT
Vn: |:Dm+27Dy+2:DZ+27QTL+%>HZ>H;>H:7I?:|
(18)

and the growth matrix G, given in (19), shown at the bottom of
the following page, where

AtAG [ ki Ai
Wi:ZCosm Z( : ‘) i=x,y,2 (20)
At
A = COL Q1)
coAt
"= A(;:Ay' (22)

The eigenvalues of the growth matrix are obtained using
the symbolic mathematics software MAPLE. According to the
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Von Neuman stability criterion, an algorithm is stable if the
magnitude of all eigenvalues of the growth matrix remain less
than or equal to one [13]. Assuming that a wire in the sub-cell
model is oriented in the z-direction, we find that the limit on
the eigenvalues yields two constraints on the maximum stable

time step
Atmaxcrs = . 23)
’ 1 1 1
Co \/m + ?jz + A2
and
Al max,Ts = L
’ 1 1 1 1
c”\/m? T a2t a2 T Ay
(24)

where At,,.x crr is the same CFL stability limit that exists for
Yee’s FDTD method and At .y s is the maximum time step
for the thin-strut FDTD method. It can easily be shown that
Atmax,Ts < Atmax,crr for all L. Consequently, the maximum
time step is always smaller than the CFL limit, and (24) should
be used to determine the maximum usable time step for the thin-
strut algorithm. Since the time-step limit is a function of the
in-cell inductance L of the wire model, it is directly dependent
on the radius g of an embedded wire. To gain insight into how
the maximum stable time step is reduced by the introduction
of a wire model, we normalize using the CFL limit assuming a
uniform grid Az = Ay = Az = h and obtain

120

Atmax,TS <1
120 +1 —

Atmax,CFL (25)

Fig. 1 shows the newly derived maximum stable time
step for the thin-strut FDTD method (Atmax,rs), Which is
normalized using the CFL limit (A¢ax crr) as a function
of the wire radius (r(), which is normalized using the FDTD
cell size (h). This figure also indicates the stability or insta-
bility of thin-strut simulations that were run using a range of
different time step lengths and wire radii. For the numerical
simulations, a sinusoidal source function with frequency
f = 2 MHz was used. The mesh resolution was constant and
uniform with h = 3.4 mm, corresponding to the CFL limit
Atmax,cF. = 6.55 ps. The time-step lengths were varied in
the range At/Atyax cr. = 0.1,...,1. The model consisted
of a center-fed thin-strut dipole, 20 cells long with variable
wire radius 7o/h = 0,...,0.5. The computational space was
terminated with a perfectly matched layer (PML), 12 cells
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Fig. 1. Derived sufficient condition for stability (dotted line) and stability

of the thin-strut method. Solid dots: unstable experiments. Circles: stable
experiments.

wide, at distance of 15 cells away from the dipole, which
corresponds to a total simulation size of 55, 55, and 74 cells in
the x-, y-, and z-directions, respectively.

Fig. 1 displays good agreement between the newly derived
stability limit and the stability of our range of test simulations.
This figure also illustrates that the maximum usable time-step
for the thin-strut FDTD method is reduced as an in-cell induc-
tance is entered into the wire model. In turn, there exists a prac-
tical limit to the largest wire radius that can be modeled by
the thin-strut FDTD method because the maximum time step
quickly approaches zero as the wire radius becomes half the cell
size.

Further, we note that there is a small discrepancy between the
derived stability bound and the actual stability limit observed in
the numerical experiments. We attribute this to a property of the
von Neuman stability condition, which is that it is a sufficient,
but not necessary condition for stability unless the growth ma-
trix is normal [14]; therefore, the maximum stable time step of
the von Neuman condition can be below the stability bound ob-
served in experiments. Thus, it has been shown experimentally
that the time step given in (24) is indeed a sufficient condition
for the stability of the thin-strut FDTD method.

III. NUMERICAL RESULTS
A. Coil Coupling

The coupling of two parallel concentric square coils, as il-
lustrated in Fig. 2, was calculated using the thin-strut FDTD

Tl 0 0 0 0 JW. —jiW, 0 1
0 1 0 0 —jW. 0 JWa 0
0 0 1 0 W, —jW. 0 —ps
0 0 0 | 0 0 0 JW.
G=1"0 —w. W, 0 1-W2-W2  W,W, W, W. —jW,P (19)
JW. 0 —jw, 0 w.W,  1-W2-Ww2  W,W. JW,PA
—iW, W 0 0 W, W, W, W, 1-W2-W? 0
L 0 0 L» GW. JW,L —iW..L 0 1-W2-LAP>
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Coil #1 Coil #2

d

Fig. 2.
coils.

Ilustration of the problem geometry: two parallel concentric square

method and the conventional FDTD method. Since currents are
easily observable in the FDTD method, the ratio of currents in
the primary source coil /; and the secondary receiving coil I,
was used as a figure-of-merit for the coupling efficiency. The
constitutive relations for the currents in two lossless mutually
coupled closed conductor loops can be written as

Ly Mp\ 0 (L) _ 0
My Lo o\l )
where M > is the mutual inductance and L1 and L» are the coil
self-inductances, respectively. For sinusoidal signals, the cur-
rent ratio can then be written as
I| 0 |l
Li| ot

(26)

_ Mo
L,

=|—]. 27
Mo 27)

In turn, for low frequencies, the inductance values and current
ratios for simple coil geometries can be approximated using the
Biot—Savart law, which served as our analytical approximation
for the verification of the FDTD results.

B. FDTD Simulations

In the FDTD computations, a current I; was excited in the
primary coil by updating the corresponding H -field components
around the wire according to the sinusoidal source function with
frequency f = 2 MHz. Similarly, the current I» coupled into the
secondary coil was observed from the H-field around the wire.
The current amplitudes in the source and secondary coils were
calculated by a least squares curve fit of the FDTD data to a
sinusoidal function.

The lengths of the sides of the primary coil were varied in
the range s; = 5,...,85 mm. The distance between the coils
was varied in the range d = 0,...,40 mm. The length of the
sides of the secondary coil was s = 6 mm in all cases. Mesh
resolutions of 1.0 and 0.5 mm were used. The computational
space was terminated with a PML, 16 cells wide, at a distance
of 20 cells away from the coils. To reduce the run time of the
numerical computations, the simulations were terminated after
a quarter period. The wire radius that was used for the thin-strut
wire model was o = 0.025 mm.

Fig. 3 shows results obtained from the thin-strut FDTD and
the conventional FDTD methods compared to the analytical ap-
proximation. The graph shows the current ratio as a function of
the coil distance where the size of the primary coil was s; =
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Fig. 3. Ratio of currents in the primary and secondary coils as a function of
coil distance obtained from the FDTD method, the thin-strut FDTD method, and
an analytical approximation (s; = 50 mm).
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Fig.4. Ratio of currents in the primary and secondary coils as a function of the
size of the primary coil obtained from the FDTD method, the thin-strut FDTD
method, and an analytical approximation (¢ = 20 mm).

50 mm. Similarly, Fig. 4 shows the current ratios for the two
methods as the coil size s; is varied for a fixed coil distance
d = 20 mm. As both graphs show, the thin-strut FDTD method
is in better agreement with the analytical approximation than the
conventional FDTD method.

IV. CONCLUSION

A new stability condition based on a Von Neuman stability
analysis has been derived for the thin-strut FDTD method. The
newly derived stability bound has been verified experimentally
and has proven to be a sufficient condition for stability. The
maximum stable time step is a function of the in-cell induc-
tance used in the thin-wire model. This stability bound limits
the utility of the thin-strut method to wire radii that are less than
half the cell size of the FDTD mesh.

The thin-strut FDTD method was used to calculate the current
coupling between a primary source coil and a smaller coaxial
secondary coil as a function of the coil separation and coil size.
The results were compared to those obtained from the conven-
tional FDTD method and an analytical approximation. Results
indicate that the thin-strut formalism can model wire structures
more accurately than the conventional FDTD method. Thus, the
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thin-strut method appears to be promising for the study and de-
sign of coils for telemetry links between implantable and ex-
ternal devices. Further, the implementation used here can be ex-
tended to include frequency-dispersive materials to more accu-
rately describe tissue models used in computations for biomed-
ical telemetry applications.
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